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1. INTRODUCTION 
In [2] Kalmenov finds the eigenvalues and eigenfunctions for 
Lu -=. uu - uxx  = ) tu  (1.1) 
defined in a characteristic triangle of the form 
R={(x , t ) : t<x<l - t ;  0<t<½} 
and subject o the boundary conditions 
u(x,O) = 0 for 0 < x < 1 
u( t , t )=u(½+t ,½- t )  fo r0<t  <!2. (1.2) 
The fact that the resulting eigenvalues are real and the corresponding eigenfunctions complete 
shows that (1.1) and (1.2) constitute a self-adjoint boundary value problem in L2(R). 
Another way of showing that (1.1) and (1.2) define a self-adjoint problem is to construct a
symmetric Green's function G(x,t;~, r) on R x R for which 
is a solution of Lu = f satisfying (1.2) for arbitrary f E L2(R). Such a construction is given by 
Haws [11 and the author [3]. 
While Kalmenov observes that his techniques can be generalized to the polyharmonic equation 
cOn u 
Ox~' . . .  Ox'g" 
in H", the question of whether analogous self-adjoint problems exist for 
Lu ~ uu - Au = )~u (1.3) 
in a characteristic cone has not been addressed. The purpose of this paper is to demonstrate 
the existence of such self-adjoint problems by constructing the corresponding symmetric Green's 
functions G(x__,t;~,r) where x__ and ~ are vectors in R n. For n = 1, this construction is also of 
interest as it provides a more direct way of obtaining the Green's functions of [3]. 
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2. FUNDAMENTAL SOLUTIONS 
Analyses of initial value problems for 
Lu  =- uu - AU = f (x , t )  (2.1) 
are facilitated by the causal fundamental solution for (2.1). Characterized by 
82C V2C 6(x -  ~)8(t - 7) for t > r 
C -- 0 for t < 7, 
it is well known [4, Ch. 5] that this causal fundamental solution can be obtained in the form 
c(_~,t;~_,~) = c (~_ -  ~_,t - 7) 
where 
and u(x,t)  is the solution of 
C(z_., t) = u(z__, t )H( t )  
H( t )  = l fo r t>0 
0 for t < 0 
ua - V2u = 0 for t > 0 
~(~_, 0 +) = 0; u,(_~,0+) = ~(~). 
These conditions lend to the solutions 
c l (x , t ;  ~,~) = ½fit - 7) - Ix - ~1) 
n((t  - 7) - Ix- -  El) 
c~(~_,t; ~, ,-) = 
2,~/(t - ~)~ - I~_-  ~_1 ~ 
~((t - 7) - I~- -~_1)  
4~ I-~ - ~_1 
c,(~_, 7; ~_, 7) = 
in space dimensions 1, 2, and 3, resPectively. While useful for representing solutions of initial 
value problems for (2.1), such causal kernels lack symmetry. 
In order to arrive at self-adjoint boundary value problems for (2.1), it will be necessary to 
amend this procedure so as to produce kernels symmetric in (x, t) and (~, r). Such kernels will 
be shown to be of the form 
G(~_,t) = u(~,t)n(t) + v (~, t )n ( - t )  (2.2) 
where 
utt - V2u  = O for t >0 
u(~,0  +) = 0; u,(~_,0 +) = ~(_~) (2.3) 
vu - Vv  = O for t < O 
v(~_,0-) = 0; v , (~,O- )  = -~(~_)  (2.4) 
THEOREM 2.1. I f  G(_z,t) is defined by (2.2), where u(z. , t )  and v(z_.,t) sat is fy  (2.3) and (2.4), 
respect ively,  then G(~ - ~, t - r )  is symmetr i c  in (z__, t) and (~, r) and 
~,,  - V~G = 6(~_)~(t). (2.~) 
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PROOF. To verify (2.5) we note that for (2.2) 
V2G =H(t)V2u + H( - t )V2v  
G, =H(t)u, + u(a~, 0+)6(t) + H( - t )v ,  - v($_, 0-)&(t) 
Ga =H(t)ut,  + ut(z__, 0+)8(t) + u(x, 0+)&'(t) 
+ H(- t )vt ,  - v,(z, 0-)8(t) - v(z, 0-)&'(t). 
Gathering terms and recalling that u(x,0 +) = v(z_.,0-) = 0, one readily obtains (2.5). The 
symmetry of the resulting kernels can be demonstrated by displaying them in closed form. Noting 
that the condition "vt(z, 0-)  = -½&(~)" of (2.4) actually corresponds to a pos i t ive  impulse in 
the negat ive  t direction, the usual Fourier transform techniques [4] yield the solutions 
Gl(Z,t;~, r) = ¼H((t - r) - Ix - ~1)+ ¼H((r - t) - Ix - ~1) 
H((t - r) - I-~ - ~_1) + H( ( r  - t) - I-~ - ~_1) 
~2(~_, t;~_, ~) = 
4rX/(t _ r)2 _ Ix _ ~]2 
6( ( t  - ~-) - I-~ - ~_1) + 6((~- - t )  - I x - -  ~_1) 
in space dimensions of 1, 2, and 3, respectively. 
3. SYMMETRIC  GREEN'S  FUNCTIONS 
Since a linear combination of symmetric kernels will again be symmetric, we now consider 
Gi(x_,t;~_, r) = G/(_x, t; ~_, r) - G / (x , - t ;{ ,  r) (3.1) 
for i -- 1,2,3. Letting R/ denote the cone {(z,t): Iz_[ _< 1 - t ;0  < t < 1}, it is clear that 
= JR, f (3.2) 
satisfies u(x_, 0) = 0 for I_*1 < 1 and for any f E L2(Ri). As a result of the symmetry of Gi, the 
operator L of (2.1), defined on the class of functions given by (3.2), is self-adjoint in L2(Ri). 
For n = 1, this method provides an especially simple construction of the Green's functions 
of [1] and [3]. A graphical representation of (3.1) is given in Figure 1. In this context, the 
boundary conditions of Kalmenov can readily be deduced. That is, if (x l , t l )  is a point on aR1 
with Zl > 0, tz > 0 and (x2,t2) = (Xl - -  1),(1 - t l )  , then for any f E L2(R1), U(Zl,tz) = 
u(z2,t2) = f s f ( -¼) f (~, r )d~dr ,  where S is the rectangle with vertices (xz,tl), (0, 1), (x2,t2) 
and (2z1 - 1,0) (see Figure 2). 
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REMARKS.  (I) These techniques also enable one to construct symmetric Green's functions cor- 
responding to the initial condition ut(x_, 0) = 0 for Ixl _< I. In particular, 
a~(~_,t; ~_, r) = 6,(~_,t; ~_, r) + ~(~_,-t;~_, r) 
provides the corresponding a kernel for i = 1, 2, or 3. 
(2) For i = 1, one can readily determine relations on the lateral surface of the cone that  play 
the role of "self-adjoint boundary conditions"; however, the corresponding problem for i > 1 is 
considerably more challenging. While we have established the ex is tence  of self-adjoint boundary 
value problems analogous to Kalmenov's for the case i > 1, the determination of corresponding 
boundary  conditions, eigenvalues, and eigenfunctions remain as open problems of considerable 
interest. 
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